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1. INTRODUCTION 
LETS: M3 -+ [w2 be a C” stable map of a closed orientable 3-manifold M into the plane. It is 
known that the local singularities off consist of three types: definite fold points, indefinite 
fold points and cusp points (for example, see [l, 91). Note that the singular set S(f) offis 
a smooth l-dimensional submanifold of M. In their paper [l], Burlet and de Rham have 
studied those stable maps which have only definite fold points as the singularities and have 
shown that the source manifolds of such maps, called special generic maps, must be 
diffeomorphic to the connected sum of S3 and some copies of S’ x S2 (see also [14,16]). On 
the other hand, Levine [9] has shown that we can eliminate the cusp points of any stable 
mapfby modifying it homotopically; i.e., every orientable 3-manifold admits a stable map 
into the plane without cusp points. In this paper we investigate an intermediate class of 
stable maps, namely simple ones [ 171. 
A stable mapf: M -+ R2 is simple iffhas no cusp points and if every component of the 
fiberf -l(x) contains at most one singular point for all x E [w’. In the terminology of [S, lo], 
fis simple if and only if it has no vertices. Note that iff: M + lR2 is a stable map without 
cusp points, thenflS(f) is an immersion with normal crossings, and hencef -l(x) contains 
at most two singular points. Furthermore, a special generic map is always simple. Our main 
purpose of this paper is to show that a closed orientable 3-mani$old admits a simple stable 
map into the plane ifand only ifit is a graph manifold. Here, a graph manifold is a 3-manifold 
built up of S-bundles over surfaces attached along their torus boundaries. Note that the 
class of graph manifolds has been investigated by several authors [6, 7, 13, 18,21,22] and 
they can be completely classified. If we use the terminology of the torus decomposition 
theorem of Jaco-Shalen-Johannson [6,7], a Haken 3-manifold admits a simple stable map 
into the plane if and only if it has no hyperbolic piece in its torus decomposition. We also 
show that the singular set of a simple stable map is a graph link and that every graph link 
can be a sublink of the singular set of some simple stable map. 
This paper is organized along the following lines. In Section 2 we recall the notion of the 
Stein factorization, which is the space of all connected components of the fibers of a map. 
We investigate the global topology of the source manifold using this space and show that 
the source manifold of a simple stable map is a graph manifold. Note that this is an easy 
consequence of a work of Kushner-Levine-Port0 [8, lo]. In Section 3 we construct 
a simple stable map for every graph manifold, which is a crucial part of this paper. The idea 
is to use the decomposition into S-bundle pieces and to glue the bundle projections using 
certain maps T2 x [0, l] + [w2. In Section 4 we realize every graph link as a sublink of the 
singular set of a simple stable map. We also deduce some restrictions on the graph links 
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which arise as the singular sets of simple stable maps and show that, for every graph 
manifold M and for every integer n 2 1, there exist infinitely many n-component graph links 
which cannot arise as the singular set of a simple stable map. In Section 5 we define an 
equivalence relation between simple stable maps; two such maps are equivalent if their 
quotient maps in their Stein factorizations are right-left equivalent. We show, using the 
torus decomposition theorem [6,7], that the equivalence class of a simple stable map is 
completely determined by the graph link which consists of the singular set and a certain set 
of regular fibers. In Section 6 we propose a knot theory in an arbitrary 3-manifold using 
stable maps in place of the usual projection IX3 + iw’. 
Throughout the paper, all manifolds, fiber bundles and maps are differentiable of class 
C” and all the homology groups are with integral coefficients unless otherwise indicated. 
2. PRELIMINARIES 
Let M be a connected closed orientable 3-manifold and N a connected (possibly open or 
non-orientable) 2-manifold (8N = 8). We denote by P(M, N) the set of the smooth maps 
of M into N with the Whitney Cm topology. For a smooth mapf: M + N, S(f) denotes the 
singular set off; i.e., S(f) is the set of the points in M where the rank of the differential dfis 
strictly less than 2. A smooth mapf: M + N is stable if there exists an open neighborhood 
N(f) offin Cm(M, N) such that every g in N(f) is right-left equivalent of; i.e., there exist 
diffeomorphisms @ : M + M and cp :N + N satisfying g = cp of 0 @- ‘: 
@ 
M-M 
Note that the stable maps are open dense in Cm(M, N) [ll]. 
It is known that a smooth mapf: M + N is stable if and only if it satisfies the following 
local and global conditions (see [9, lo], for example): For all p E M, there exist local 
coordinates (u, x, y) centered at p and (X, Y) centered at f(p) such that f has one of the 
following forms: 
(Lo) Xof= u, Yof= x (p: regular point) 
(L,) Xof= u, Yof= x2 + y2 (p: de$nite fold point) 
(L,) Xof= u, Yof= x2 - y2 (p: indefinite fold point) 
653) Xof= u, Yof= y2 + ux - x3 (p: cusp point) 
and 
(G,) Zfp E M is a cusp point, thenf-‘(f(p)) n S(f) = {p} 
(G2) fl(S(f) - {cusp points)) is an immersion with normal crossings. 
We put S,(f) = {definite fold points}, S,(f) = {indefinite fold points} and 
C(f) = {cusp points}. Note that S(f) is a compact l-dimensional submanifold of M and 
that C(f) is a finite set. We call a component of S,(f) a dejinitefild and a component of 
S1 (f) an indefinite fold. 
Levine [9] has shown that if N is orientable, every stable mapf: M + N is homotopic to 
a stable map having no cusp points. Furthermore, Burlet and de Rham [l] have shown that 
if N = W2 and iffhas neither indefinite fold points nor cusp points, then M is diffeomorphic 
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to the connected sum of S3 and some copies of S’ x S’. Our purpose of this paper is to 
investigate an intermediate class of stable maps as follows. 
DEFINITION 2.1. A stable map f: M + N is simple if 
(1) f has no cusp points and 
(2) for all p E S( f ), the connected component off - ‘(f(p)) containing p intersects S(f) 
only at p. 
In the terminology of [S, lo], the simple stable maps are precisely the stable maps 
without vertices. Note that, for a stable map f: M -+ N, a connected component off - '(f(p)) 
intersects S(f) at at most 2 points, since f I(S( f) - C( f )) is an immersion with normal 
crossings. In particular, iff 1 S(f) is a smooth embedding, then f is simple. We also note that 
a stable map without cusp points nor indefinite fold points, which is called a special generic 
map [l, 14, 161, is simple. 
Next we recall the notion of the Stein factorization of a stable map f: M + N. For p, 
p’ E M, we define p N p’ if f (p) = f (p’) and p, p’ are in the same connected component of 
f - ’ (f (p)) = f - ‘(f(p’)). Let W,( = M/ N ) be the quotient space of M under this equiva- 
lence relation and we denote by qf : M + W, the quotient map. By the definition of the 
equivalence relation, we have a unique map 5 W, + N such that f = 70 qF The quotient 
space W, or the commutative diagram 
f 
M+N 
is called the Stein factorization off [ 1, lo]. In general, W, is not a manifold; however, it is 
homeomorphic to a 2-dimensional finite CW complex. Moreover, if f: M + N is simple, 
every point x E W, has a neighborhood as in Fig. 1 [8, lo]. We set C,-,( Wr) = qf(S,-,(f)), 
G(W,) = q,-@,(f)) and VW,) = &(W9uL(Wd (= qf(S(f))). Note that, ifx(Wf) Z 8, 
then W, - E( W,) is an open 2-manifold. We take a point xi from each component Ri of 
W, - C( W,) ( = uf= 1Ri)y and set S,(f) = Uf= 1 qj ‘(Xi). We call S,(f) the regularfibers off: 
Note that the isotopy type of the link S,(f) u S1 (f) u S,(f) in M does not depend on the 
choice of Xi E Ri. 
Let f: M + N be a simple stable map and C a component of Z( W/). If C is a component 
of C,( W,), then it is easy to see that N(C) is homeomorphic to I x C (I = [0, l]), where N(C) 
Fig. 1. 
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is a regular neighborhood of C in W, and (0) x C is identified with C. If C is a component 
of XI(Wf), then we see that N(C) is homeomorphic to a Y-bundle over S’, where 
Y = {rexp(m@ E C; 0 I I I 1,8 = 0, f 2x/3} [lo, p.123. Furthermore, near C, the 
map f: W, + N is locally Co right-left equivalent to x x id : Y x I + [ - l/2, l] x I, where 
R: Y + [ - l/2, l] is the projection to the real line C --f R restricted to Y. Thus the 
monodromy homeomorphism a: Y -+ Y of the Y-bundle N(C) over C must satisfy n 0 o! = rc, 
and hence a = id or a = z, where r : Y + Y is the complex conjugation restricted to Y c Q=. 
In other words, N(C) is homeomorphic to Y x S’ or Y x ~ S’ = Y x I/(y, 1) N (r(y), 0). Set 
Y. = {rexp(,/?@ E r; 8 = O}. Then we see that Y. x S1 c Yx S’, Y x r S’. We define 
o(C) to be the subspace of N(C) which corresponds to Y. x S’ by the above homeomor- 
phisms and call it the stem of C. 
For a simple stable mapf: A4 + N with M and N oriented, we define the orientations of 
S(f) and S,(f) as follows. First note that each component Ri of W, - X( W,) is a 2- 
manifold and that f[ Ri : Ri + N is a local homeomorphism. We orient Ri so that fiRi 
becomes orientation preserving. Then we orient each component C of Xo(Wf) as the 
boundary of Ri u C, where Ri is the component of Wf - X( W,-) whose closure contains C. 
For a component C of C,( W,), we orient C as the opposite of the boundary of the stem a(C) 
of C. (Note that o(C) is canonically oriented as above.) Then we orient S(f) so that 
q,rlS(J-): W1 + WV b ecomes orientation preserving. Here we note that this orientation 
convention agrees with that in [S, lo]. Furthermore, every component of S,(f) is canoni- 
cally oriented since qf : qj’ (W, - X( W,)) + W, - Z( W,) is an S-bundle with 
q, ‘( W, - X( W,)) ( c M) and W, - X( W,) oriented. More specifically, we orient S,(f) so 
that the orientation of W, - C( Wf) “plus” that of S,(f) agrees with the given orientation of 
M. 
Here we give a typical example of simple stable maps, which is due to Kobayashi. 
Example 2.2. Let r : Dz -+ [w be the Morse function as in Fig. 2 with 3 critical points. We 
identify D2 with the unit disk {z E C; IzI I l} in C and we assume r( - z) = r(z) (z E 0’). For 
an integer m, we define g,.: S’ x D2 + S’ x [l, 31 (S’ = dD2) by 
g,(e, 2) = (e, r(e-m/22)). 
Note that this is a well-defined smooth map. Set M = S’ x D2 IJ4 D2 x S’, where the 
attaching diffeomorphism 4 : 130~ x S’ + S’ x iTD2 is the identity (S’ = 8D2). Note that M is 
diffeomorphic to the 3-sphere S3. Then define f = fm : M -+ [w2 by 
A(x) = rt o g,(x) (x E S’ x D2) 
f&, 0) = 1(z) ((z, 0) E Dz X S’) 
----- __-_ 
*- __ 
_--_ --__ ____ _ 
@ 
-0 
_-e---m_ 
l - 
_-s---m_-_. 
. 
d 
L 
---- _____ 
Fig. 2. 
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m: even m: odd 
Fig. 3. 
SC42 
m: even m: odd 
Fig. 4 
where q : S’ x [ 1,3] Ue;D2c’ [w2 is an embedding and 5 : iJO + S’ x (1) is the identity. 
Then it is easy to see that fn is a well-defined simple stable map. The Stein factorization of 
fm is as in Fig. 3, and the singular set is as in Fig. 4. 
As we shall see later, graph manifolds and graph links play an important role in the 
study of simple stable maps. We say that a compact orientable 3-manifold M is a graph 
manifold if there exist disjointedly embedded tori T1,. . . , T, in Int M such that each 
component of M - HI= 1 Int N (Ti) is an S’-bundle over a surface, where N( Ti) is the tubular 
neighborhood of Ti in Int M. Note that, if the boundary of a graph manifold is not empty, it 
consists of tori. A link L in a compact orientable 3-manifold M is a graph link if its exterior 
E(L) = M - Int N(L) is a graph manifold. Note that every sublink of a graph link is also 
a graph link. Graph manifolds have been first introduced and studied by Waldhausen [22]. 
Using the terminology of the torus decomposition theory by Jaco-Shalen-Johannson 
[6,7], we can characterize closed graph manifolds as follows. 
PROPOSITION 2.3. Let M be a closed orientable 3-mangold and M = MI #.e.#Mk its prime 
decomposition. Then M is a graph manifold ifand only ifevery Mi satisjies one of thefollowing: 
(1) Mi is a Seifert jibered space or 
(2) Mi is a Haken 3-mani$old and the pieces in its torus decomposition in the sense of 
Jaco-Shalen-Johannson are all Sei$ert jbered spaces. 
Proof (sketch). Suppose that each Mi satisfies condition (1) or (2). Then it is easy to show 
that M is a graph manifold (see the operation R6 in [ 131). Conversely, suppose M is a graph 
manifold. Then it is known that each prime factor Mi is also a graph manifold (see, for 
676 Osamu Saeki 
example, Theorems 4.1 and 4.3 in [13]). If Mi is not irreducible, then it is diffeomorphic to 
S’ x S2, which is a Seifert fibered space. Thus we may assume that Mi is irreducible. Suppose 
Mi does not contain any 2-sided incompressible tori. Then it can be shown that Mi is 
a Seifert fibered space. If Mi contains a 2-sided incompressible torus, then Mi is a Haken 
3-manifold. Furthermore, using the theory of Jaco-Shalen-Johannson and the assumption 
that A4 is a graph manifold, we can show that every piece in the torus decomposition of 
Mi is a Seifert fibered space. This completes the proof. q 
In fact, much more is known about graph manifolds; for example, the Poincare 
conjecture holds for graph manifolds [18,21]. Graph links are also studied extensively by 
several authors [2, 13,201. For example, it is known that every graph link in S3 can be built 
up from trivial knots in S3 using only cabling and summing operations. 
Now we have the main lemma of this section as follows. 
LEMMA 2.4. Let f: M -+ N be a simple stable map of a closed orientable 3-manifold M into 
a surface N. Then M is a graph manifold and the link S(f) u S,(f) in M is a graph link. 
Proo_f: Let Ni be the regular neighborhood of C( W,) in W, and set aN1 = Ni - Int Nr. 
Note that aN1 n Z( W,) = 8. Then, every component of T’ = q; ‘(aNI) is a 2-sided surface 
in M diffeomorphic to an S’-bundle over S’. Since M is orientable, the surface must be 
a torus. Hence, T’ is a disjoint union of embedded tori. Set Wf - E( W,) = R1~..e~R,, where 
Ri are the connected components, and set R: = Ri - Int Nl. Then we see that 
M - Int N(T’) is diffeomorphic to qj ’ (N,)u(Uf= 1 qj ‘(R:)). It is easy to see that qj ‘(R:) is 
an S-bundle over the surface R:. Set X0( W,) = Cl~...~C,,, and X1( Wf) = C;U...UC~, where 
Ci and Cl are the connected components. Then 
where N(Ci) and N(C>) are the regular neighborhoods of Ci and Ci in W,, respectively. We 
see easily that qj ’ (N(Ci)) is diffeomorphic to a D*-bundle over S’ (see [8, p.231 or [lo, p. 
221). Since M is orientable, this must be diffeomorphic to D* x S’, which is an S’-bundle 
over D*. Moreover, qJ’(N(C>)) is diffeomorphic to a P-bundle over S’, where P is the 
2-sphere with 3 open 2-disks removed. By [8, lo], the geometric monodromy cpj: P -+ P of 
this bundle preserves the Morse function t : P + R defined as the height function as in Fig. 5. 
Hence ‘pj is isotopic to the identity or to the rotation p : P + P of rr which exchanges the two 
boundary components as in Fig. 6. If qj is isotopic to the identity, q; ’ (N(CJ)) is diffeomor- 
phic to PxS’, which is an S’-bundle over P. If qj is isotopic to p, then q;l(N(Ci)) is 
a P b I --___ -____-______ w - I t a B __ __ _______________ 0 _---I . _-___________________~ 
C R. 
Fig. 5. 
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Fig. 6 
diffeomorphic to P x P S’ = P x [0, II/(x, 1) N (p(x), 0) and is a Seifert fibered space with 
one singular fiber of multiplicity 2, which is a graph manifold. Thus, M is a graph manifold, 
since it can be built up of graph manifolds attached along their torus boundaries. 
By a similar argument, we see easily that M - (Int N(S(f)) u Int N(S, (f))) is also 
a graph manifold. Hence the link S(f) u S,(j) is a graph link. 0 
In the next section, we shall show that every closed graph manifold admits simple stable 
maps into surfaces. 
The above lemma has many immediate consequences. For example, we have the 
following. 
COROLLARY 2.5. (1) If a homotopy 3-sphere admits a simple stable map into a surface, then 
it is difleomorphic to the 3-sphere. 
(2) Let M be a closed orientable Haken 3-manifold whose torus decomposition in the sense 
of Jaco-Shalen-Johannson contains a hyperbolic piece. Then M admits no simple stable map 
into a surface. 
(3) Let f: M --t N be a stable map of a closed orientable 3-manifold into a surface. If 
a sublink of S( f) is a hyperbolic link, then f is not simple. 
Remark 2.6. Note that every closed orientable 3-manifold has stable maps into surfaces 
since the dimension pair (3,2) is nice in the sense of Mather [ll]. Furthermore, if the target 
surface is orientable, we can eliminate the cusp points by [9]. Thus the parts (1) and (2) of 
the above corollary make sense. In other words, Corollary 2.5(2) provides an example of 
manifolds which admit stable maps having only fold singular points but which do not admit 
simple ones [ 171. As to the realization of a given link as the singular set of a stable map, we 
have the following, which shows that the part (3) of Corollary 2.5 is non-empty. 
LEMMA 2.7. Let L be a link in a closed orientable 3-manifold M. Then there exists a stable 
map f: M -+ Iw2 such that L c S(f) and that f has no cusp points. 
Proof Let N(L) be the tubular neighborhood of L in M. We first construct a smooth 
map go : N(L) + [w2 such that L( c N(L)) is the singular set of go, that go has only definite 
fold singularities along L, and that go (L : L + IF!’ is an immersion with normal crossings. 
For example, put go 1 Ni = vi 0 (I x id+) 0 vi, where Ni ( z D2 x S’) are the components of 
N(L), vi: Ni + 0’ x S’ is an appropriate diffeomorphism, 1: D2 + Iw is defined by 
1(x, y) = x2 + y2 ((x, y) E D2 c rW2), and vi: R x S’ + lR2 is an embedding such that 
qi(lw x S’) n qj(lw x S’) = 0 for i # j. Since R2 is contractible, go can be extended to a smooth 
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map g1 : M --) [w2. Since the stable maps are dense in Cm(M, rW2), there is a stable map 
fi : M + [w2 in an arbitrarily small neighborhood of g1 in C”‘(M, W2). Since g1 1 Int N(L) is 
stable, g1 andf, are right-left equivalent near L. Thus, the singular set S(fi) offi contains 
a link L’ isotopic to L. Let Y: M + M be a diffeomorphism with Y(L) = L’ and define 
f2 =fi 0 Y. Then we see thatf, : M --f [w2 is a stable map with S,(f2) 1 L. Iff2 contains cusp 
points, we can eliminate them using the method of Levine [9] without changing the map in 
a neighborhood of L. The resulting map is a desired stable map. 0 
Remark 2.8. We can prove the above lemma also using a result of l?liaSberg [3, 
Theorem 5.41. 
3. A CHARACTERIZATION OF IMANIFOLDS ADMITTING SIMPLE STABLE MAPS 
In this section, we prove the following. 
THEOREM 3.1. Let M be a closed orientable 3-manifold. Then the following three are 
equivalent: 
(1) There exists a stable mapf: M + [w2 with flS(f): S(f) + Iw2 a smooth embedding. 
(2) There exists a simple stable map f: M + N for some 2-manifold N. 
(3) M is a graph mangold. 
A simple stable mapf: M + Iw2 withfIS(f) a smooth embedding is simple, since it has 
no cusp points andf - l(x) contains at most one singular point for all x E R2. Thus the part 
(1) implies the part (2). Furthermore, by Lemma 2.4, the part (2) implies the part (3). Thus, 
for the proof of Theorem 3.1, we have only to show that every closed graph manifold 
M admits a stable mapf: M -+ [w2 withf]S(f) a smooth embedding. Before the proof, we 
need to define the following. 
Dejinition 3.2. Let X be a compact orientable 3-manifold whose boundary consists of 
tori (possibly empty). A smooth mapf: X + N into a surface N (aN = 8) is called an S-map if 
the following conditions are satisfied: 
(1) f 1 Int X : Int X + N is a proper stable map. 
(2) For all p E 8X, there exist local coordinates (u, x, y) centered at p and (X, Y) centered 
at f(p) such that 8X corresponds to {y = 0) and that f has the following form: 
x0”/-= x, Yof= y. 
Note that for every component F of 8X, there exist a collar neighborhood C(F) g F x I 
of F in X and an S-bundle projection rr: F + S’ such that f]C(F) agrees with 
nxid:FxI+S’xf followed by an immersion S’xI+N. For example, ifg:M+N is 
a stable map and x1, . . . , x, E W, - Z( W,), then f = g I M - Int q; l(A) is an S-map, where 
A is a small regular neighborhood of {xi, . . . , x,,,> in W, - C( W;). 
The singular set S(f) of an S-mapf: X --) N is defined to be that offI Int X. We define the 
Stein factorization W, off and the maps ql: X + W, andf: W, + N as in the case of usual 
stable maps. We can also define simple S-maps similarly. Note that the Stein factorization 
W, of a simple S-map f: X -+ N is a CW complex and that every point in W, has 
a neighborhood as in Fig. 1; however, a point which has a neighborhood homeomorphic to 
[0, 1) x ( - 1, 1) is not necessarily the image of a definite fold point. The points in the image 
of aX also have such neighborhoods. Thus, every component of W, - q/ (S( f )) is a surface 
possibly with boundary. 
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We can glue two S-maps in some cases as follows. Let fi: Xi + N be an S-map and 
Fi a component of aXi (i = 1,2). Suppose that there exists a diifeomorphism q: F1 + F2 
with fi 0 q =fi 1 F1 which satisfies the following. Set Ci = qf,(Fj) ( g S1) and let Ai be 
a regular neighborhood of Ci in Wfi. There exists a diffeomorphism II/ : Cz + C, with 
qfzo(iJ = 6’ oqJ,IF, and &o$-‘=~~IC~. We assume that flu&:AIUtiAZ+N is 
a smooth immersion. Then we see that fi uf2: X,lJ,X2 + N is an S-map with 
S(fl ufz) = S(fi) u S(fi). Furthermore, iffi andfi are simple, then so isfi ufi: iffi IS(fi) 
and f2 IS(&) are smooth embeddings with disjoint images, then fi ufi IS(fi uf2) is 
a smooth embedding. Our idea of the proof of Theorem 3.1 is to construct S-maps of 
S1-bundle pieces of a graph manifold and then to glue them using certain S-maps of T2 x I. 
Suppose that A4 is a closed graph manifold; i.e., there exist disjointedly embedded tori 
T 1, “‘3 T, in M such that the components Xi, . . . , X, of M - UT= 1 Int N(TJ are S1-bundles 
over surfaces. 
LEMMA 3.3. After adding some additional tori ifnecessary, we may assume that each Xj is 
an St-bundle ouer an orientable surface of genus 0. 
Proof: Suppose that Xi is an P-bundle over a non-orientable surface B and let 
rc: Xj + B be the projection. Since B is diffeomorphic to a connected sum Q#(#“lRP2) for 
some orientable surface Q of genus 0, there exist disjointedly embedded circles cl, . . . , c, in 
B such that B,, is diffeomorphic to Q - u”Int D2 and that BI is diffeomorphic to the Mobius 
band (1 = 1, . . . . m), where BO, B1, . . . , B, are the connected components of B - 
ur= 1 Int N(q). Note that n- ‘(cl) is an embedded torus, since it is 2-sided and M is 
orientable. It is clear that z-‘(Bo) is an S’-bundle over B0 which is orientable of genus 0. 
The space zn-l(Bl) (I = 1, . . . . m) is the twisted S-bundle over the Mobius band. Since the 
Mobius band is a J-bundle over S’ (J = [ - 1, l]), we see that zn- ‘(B,) is an (S’ x J)-bundle 
over S’. The geometric monodromy of this bundle is isotopic to the diffeomorphism 
cp: S’ x J -+ S’ x J defined by q(z, t) = (5, - t), where we identify S’ with the unit circle in 
@. Hence, we see that TI- ’ (B,) is a Seifert fibered space with 2 exceptional fibers and with the 
2-disk as its base. Thus there exist disjointedly embedded tori T,’ and T,” in Int C1(Bl) such 
that the components of n-‘(BJ - (Int N(T,‘) v Int N(T,“)) are S’-bundles over orientable 
surfaces of genus 0. Thus, each component of Xj - (ur= 1 Int N(z- ‘(cl)) u 
u;“= 1Int N(TJ v UT= 1 Int N(T,“)) is an S-bundle over an orientable surface of genus 0. 
Now suppose that Xj is an S-bundle over an orientable surface B of genus g (g > 0) and 
let K: Xj + B be the projection. Let co, . . . , cg be disjointedly embedded circles in Int B as in 
Fig. 7. Note that the two components of B - @CO Int N(q) are orientable of genus 0. Set 
T,’ = x- ‘(cl) (I = 0, 1, . . . , g), which are disjointedly embedded tori in Xj. Then it is easy to 
see that the two components Of Xj - Uy=,Int N(T;) are S-bundles over orientable surfaces 
of genus 0. 
Hence, adding additional tori as above, we may assume that each Xj is an S’-bundle 
over an orientable surface of genus 0. 0 
Orient M arbitrarily. Set alv(Ti) = Ti, v Til, where Ti, and Ti, are the two components. 
Let Xj,(k = 0,l) be the S’-bundle piece such that Xi, 3 Tik and let “it : Xi, + Bj, be the 
S’-bundle projection. We orient Bjkarbitrarily and orient the fibers of ajkcompatibly with 
that of M. Let Aik be a fiber of 7Cj, in Ti,. Furthermore let /& ( c T(k) be a section of rj,over 
Ilj,(Tik), oriented as the boundary of Bj,. 
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LEMMA 3.4. After adding additional tori if necessary, we may assume that each Xj is an 
S’-bundle ouer an orientable surface of genus 0 and that [lie] = [PiI] and [pie] = [Ii,] in 
H,(N(Ti))fir all i. 
The above lemma says that we may assume that A4 is a graph manifold of plumbing 
type. We can prove the lemma using Lemma 3.3 and a standard argument. For details, see 
[4], for example. 
In order to construct a simple stable map f: M + Hz, we need two types of simple 
S-maps hl, h2 : T2 x I -+ lR2 as follows. 
Let u: S’ x I + R be the Morse function defined as the height function as in Fig. 8. 
Define hl : S’ x S’ x I + lR2 to be the composition 
S’x(S’xZ) f+(S’xz)xS’~RXS1h!2 
where o! is the map which exchanges the two factors, and q is a smooth embedding. Note 
that hl : T2 x I -+ R2 is a simple S-map with hl IS(h,) a smooth embedding and that S(h,) 
consists of two components; one of them consists of definite fold points and the other of 
indefinite fold points. Let xi be a point in qh, (T2 x {i}) (i = 0, 1) and set ;li = qhy ’ (Xi), which is 
a simple closed curve in T2 x {i} c a(T2 x I). Note that li is canonically oriented once 
we orient T2 x I and R2. Furthermore let pi ( c T2 x {i}) be a “section” of 
(u x idsl)Oa: S’ x (S’ x I) + R x S’ over { - l} x S’, which is oriented as the boundary of 
the annulus Im((u x idsI) 0 CC) embedded in the oriented Hz. Then we see that [A,] = - [A,] 
and [p,,] = [p1] in Hl(T2 x I). 
Next we construct h2 : T2 x I + R 2. Let P be the 2-sphere with 3 open 2-disks removed 
and let a be one of its boundary components (see Fig. 5). Set X = P x S’ u, D2 x S’, where 
C$ : aD2 x S’ + a x S’ is the diffeomorphism defined by $(0, r) = (0 + z, 0). Here we identify 
aD2, S’ and a with R/Z. Then X is diffeomorphic to T2 x I. To see this, perform the 
( + 1)-Dehn surgery along Lo to the exterior of the link L = Ll u L2 ( c S3) as in Fig. 9 (for 
Dehn surgeries, see [15], for example). Note that S3 - Int N(L, u L1 u L,) is diffeomorphic 
to P x S’ and that P = P x { *} is as in Fig. 9. Thus the resulting manifold is diffeomorphic 
to X by the definition of 4. On the other hand, the resulting manifold is diffeomorphic to the 
exterior of the ( - l)-Hopf link in S3, which is diffeomorphic to T2 x I. Define h, : X + iR2 
by 
and 
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Fig. 8. 
Fig. 9. 
where t : P + R is the Morse function as in Fig. 5, q : R x S’ + R2 is an embedding such that 
~((1) x S’) bounds a 2-disk in iR2 disjoint from q({ - l} x S’), p1 :D2 x S’ + D2 is 
the projection to the first factor, and t;: D2 + R2 is an embedding such that 
7 0 (t x idsI) 0 4 = t 0 p1 1 8D2 x S’. Note that h2 is a simple S-map whose Stein factorization is 
as in Fig. 10. Let Xi be a point in qh2(T2 x {i}) (i = 0, 1) and set li = qG1(xi), which is a simple 
closed curve in T2 x {i} c 8(T2 x I). Note that Ai is canonically oriented once we orient 
T2 x I and Iw’. Furthermore let pi ( c T2 x {i}) be a “section” of t x idsI : P x S’ + R x S’ 
over (2i - l} x S’, which is oriented as the boundary of the annulus Im(t x idsI) embedded 
in the oriented R2. Then it is easy to see that we may assume that [&,I = [pl] and 
[pO] = [&I in H1(T2 x I) by the above construction. Reversing the orientations of T2 x I 
and Iw’, we can also arrange so that [&I = - [pr] and [pO] = - [&I. 
LEMMA 3.5. Let M be a closed orientable graph manvold. Then there exists a simple stable 
map g : M + S2 such that glS(g) is a smooth embedding. 
Proof We take disjointedly embedded tori T1, . . . , T, in M such that the S-bundle 
pieces X1, . . . . X, (UjXj = M - ui Int N(TJ) satisfy the conditions as in Lemma 3.4. Let 
Aj : Xj + Bj be the S’-bundle projection. Recall that Xj and Bj are oriented. Since Bj is 
orientable of genus 0, we have orientation preserving embeddings qj : Bj + S2 with disjoint 
images for all j. Define glXj = qjo x1. Note that g has no singularities at this stage. 
Next we define g on N(TJ. Take Tik, Xi,, Aiky pik (k = 0, 1) as in the paragraph just before 
Lemma 3.4. Set Ct = vi, 0 nj,(~ik) and let Dk be the 2-disk in S2 bounded by Ck such that 
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Int DI, A (qj, 0 nj,(Xjk)) = 0. There are three possible configurations of D,, and Di as in 
Fig. 11. 
Case 1. D,, n D1 # 0, D,, IDI and D1 $Do. Let h2: T2 x I + lRz be the simple S-map 
constructed above with the orientation convention [A,] = - [pi] and [pO] = - [A,]. 
Choosing an appropriate embedding i: Rz + Sz and an appropriate diffeomorphism 
cp: N(Ti) + T2 x I, we can glue the S-maps g(Xj,, u X, and (0 h2 0 cp : N(Ti) + S2, since 
[Aiu] = [,Uii], [pie] = [Aii], [A,] = - [pi] and [/JO] = - [A,]. Here, we choose the 
diffeomorphism cp SO that Cp*[Aio] = [&], (P*[pio] = - [& Cp*[lii] = [Ai] and 
(P*[pii] = - [pi]. Define gIN(Ti) = [ohzocp. Note that the singular set of gIN(Ti) is 
connected and consists of an indefinite fold and that (g 1 N( Ti)) 1 S(g 1 N( Ti)) is an embedding 
whose image we can take arbitrarily close to CO. 
Case 2. Do c D1. Let N,( z T2 x I) be a collar neighborhood of Ti, in N(Ti) and set 
Ni = N(Ti) - No. Choosing appropriate embeddings ik : R2 -+ S2 and appropriate 
diffeomorphisms qt: Nk + T2 x I (k = 0, l), we can glue the S-maps 
gJXjouXj,,roohl”cPo:No~S2 and ~10h20cp1:N1-+S2, where hl:T2xZ+R2 is the 
S-map constructed above, and h2 : T2 x I + R2 is the S-map constructed above with the 
orientation convention [A,] = [pl] and [pO] = [A,]. Define SIN,, = coohI ocpo and 
g 1 N I = ii 0 h2 0 cpl. Note that the singular set of g 1 N(Ti) consists of three components; one 
consists of definite fold points and the other two consist of indefinite fold points. Further- 
more, (gl N(Ti))I S(gl N(Ti)) is an embedding whose image we can take arbitrarily close to 
C 0. 
Case 3. Do n D1 = 0. Divide N(Ti) into three pieces and use an argument similar to 
Case 2. In this case, S(gl N(Ti)) consists of five components; two consist of definite fold 
points and the other three consist of indefinite fold points. 
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The resulting S-map g : M + S2 is the desired simple stable map. 0 
LEMMA 3.6. Let g: M + S2 be a stable map such that glS(g) is a smooth embedding. Then 
there exists a stable map f: M + Iw2 such that f 1 S(f) is a smooth embedding and that 
S(f) = S(g). 
ProoJ: Let x E S2 be a regular value of g. Then there is a small disk neighborhood N(x) 
of x in S2 such that N(x) n g(S(g)) = 8. Set c = 13lv(x), and take a small tubular neighbor- 
hood N(c) of c in S2 such that N(c)ng(S(g)) = 8. Set Ml = g-‘(N(x) - Int N(c)), 
M2 = g-‘(N(c)) and M3 = g-‘(S2 - Int(N(x) u N(c))). Define flMJ = c3 0 g, where 
c3 : S2 - {x} + R2 is an embedding. Choosing an embedding cl : N(x) - Int N(c) + R2 such 
that cl oglaM, and c3 og1aM3 coincide with each other under the natural identification 
between aM1 and aM3, we define fl Ml = cl 0 g. Finally, for each component M; of M2, 
choosing an appropriate embedding [; : lR2 + R2 and an appropriate diffeomorphism 
q, : Mj + T2 x I, we definef( M; = {; 0 hl 0 (pl. The resulting S-mapf: M + [w2 is the desired 
stable map. Note that this operation creates n indefinite folds and n definite folds, where n is 
the number of the components of g-r(x). 0 
Lemmas 3.5 and 3.6 show that every closed orientable graph manifold M admits a stable 
map f: M + Iw2 such that flS(f) 1s a smooth embedding. This completes the proof of 
Theorem 3.1. 
Remark 3.7. The mapf : M + OX2 constructed above is a special one and not every stable 
mapfr : M + I&!’ withy, IS(fr) a smooth embedding is of the above form. For example, for 
the mapSconstructed above, N(C) is always homeomorphic to Y x S’ for each component 
C of C,( W,). However, there exists a stable map fl : M + Iw2 with fr IS(fr) a smooth 
embedding such that N(C) is homeomorphic to Y x z S’ for every component C of X1( IV,,). 
This can be constructed as follows. Let M be the T2-bundle over S’ whose monodromy 
diffeomorphism cp is as in Fig. 12. Since the Morse function w: T2 + [w as in Fig. 12 is 
invariant under cp, we have a map g : M + [w x S’ such that p2 og: M + S’ is the bundle 
projection and that pl 0 g coincides with w on each fiber, where pl : [w x S’ + R and 
p2 : R! x S’ -+ S’ are the projections. Choosing an arbitrary embedding q : IR x S’ + R2, we 
define fl = q 0 g. Then it is easily seen that fl is a desired simple stable map. 
Remark 3.8. Not every simple stable mapf: M + [w2 satisfies the condition thatflS(f) 
be a smooth embedding. In some cases, changingf: W, + Iw2, we can arrange so thatflS(f) 
is a smooth embedding. However, not every simple stable map can be modified in this way. 
For example, consider the simple stable mapf= fm with m odd of Example 2.2. It is easily 
seen that we cannot find an “immersion” q: Wf + Iw2 such that q 0 q,l S( f) is a smooth 
embedding. 
Fig. 12 
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4. SINGULAR SETS OF SIMPLE STABLE MAPS AS GRAPH LINKS 
In Section 2, we have shown that the singular set of a simple stable map is a graph link. 
In this section we study the converse of this fact. 
THEOREM 4.1. Let L = L,, LI L1 be an oriented graph link in a closed oriented 3-mangold 
M. Then there exists a stable map f: M + Rz such that f 1 S(f) is a smooth embedding and that 
LO c S,(f) and L1 c S,(f) orientation preseruingly. 
Compare Theorem 4.1 with Lemma 2.7. 
Proof of Theorem 4.1. Since L is a graph link, there exist disjointedly embedded tori 
T 1, a.., T, in M such that each component of M - UiInt N(Tt) is an S’-bundle over 
a surface and that each component of L is a fiber of one of these S’-bundles. Hence, by the 
proof of Theorem 3.1, we have a stable map g: M + R2 such that glS(g) is a smooth 
embedding and that L = L,, u L1 c S,(g) orientation preservingly. 
LEMMA 4.2. Let g : M + R* be a stable map such that g IS(g) is a smooth embedding and let 
C = q;‘(x) be a regularjiber of g, where x is a point in W, - C( W,) with g(x) $ g(S(g)). Then, 
modifying g in a tubular neighborhood N(C) of C in M, we have a stable map gl : M + R* such 
that gl IS(g,) is a smooth embedding and that S(g,) n N(C) consists of one de$nite fold and one 
indefinite fold each of which is isotopic to C in N(C). 
Proof: First we construct a simple S-map h3: D* x S’ + R* as follows. Set 
X = A x S’ u+ D* x S’, where A is the annulus S’ x I one of whose boundary components 
we denote by a and $ is the diffeomorphism 4: aD* x S’ + a x S’ defined by 
$(0, r) = (~0 + r, 0) (E = f l), where we identify i3D2, S’ and a with W/Z. Then it is obvious 
that X is diffeomorphic to D* x S’. Define h3 :X + R* by hJI D* x S’ = n1 0 pl and 
h31AxS’ =q20(uxidsl), where pl:DzxS’-+D2 IS the projection to the first factor, 
ql : D* + Iw* is the standard embedding as the unit 2-disk, U: A + 04’ is the Morse function as 
in Fig. 13, and q2:RxS’ -P lR* is the embedding defined by n2(r, 0) = e’0 
(rER,gES1= {xER*; IIxII = l}). Th en we see that h3 is a smooth S-map such that 
h,lS(h,) is a smooth embedding and that S(h,) consists of one definite fold and one 
indefinite fold. Furthermore it is not difficult to see that each component of S(h,) is isotopic 
to the core Co = (*> x S’ of D* x S’ z X. We may assume that Co is a regular fiber of 
h3 and that it is canonically oriented. Ifs = + 1, then the orientation of the indefinite fold is 
compatible with that of C,,; ifs = - 1, then the orientation of the definite fold is compatible 
with that of C,,. 
A a 
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Fig. 13. 
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Now let N(x) be a sufficiently small regular neighborhood of x in W,. Then 
N(C) = qj ‘(N(x)) is a tubular neighborhood of C and is diffeomorphic to D2 x S1. Set 
gllM - IntN(C) =glM - IntN(C) and g,JN(C) = qoh30q, where q:N(C)+ D2xS1 is 
an appropriate diffeomorphism and q : lR2 + lR2 is an appropriate embedding. Then 
g1 : M + [w2 is the desired stable map. 0 
We return to the proof of Theorem 4.1. If we apply the modification as in Lemma 4.2 to 
each component of L = L,, u L1 c S,(g) with E = - 1 for LO and E = + 1 for L1, the 
resulting stable map f: M + Iw2 has the desired properties. This completes the proof of 
Theorem 4.1. 0 
As an immediate corollary we have the following. 
COROLLARY 4.3. Let L be an oriented link in a closed oriented 3-manifold M. Then L is 
a graph link if and only if there exists a stable map f: M + Iw2 such that f IS(f) is a smooth 
embedding and that L c S(f) orientation preservingly. 
Compare this corollary with Proposition 6.4. 
In the following, we study the restrictions imposed on the graph links which arise as the 
singular sets of simple stable maps. For this purpose, we first show some universal relations 
among the numbers of the definite folds, the indefinite folds, and the regular fibers. For 
a topological space S, we denote by #S the number of the connected components of S, by 
b,(S) the ith Betti number rankHi of S, and by x(S) the Euler number of S. 
PROPOSITION 4.4. Let f: M + N be a simple stable map of a closed orientable 3-manifold 
into a surface. Then we have the following inequalities: 
(1) (#S,(f) - 1) + 2%%(f) I 2(#S,(f I- 1) + h(M). 
(2) (#S,(f I- 1) I #S,(f) + b,(M). 
(3) (#S,(f) - 1) s 2@,(f). 
Proof Set a = #S,(f) and s = #S,(f). Let b be the number of the components C of 
X1 (W,) whose regular neighborhood N(C) in W, is homeomorphic to Y x S’ and set 
c = #S,(f) - b. Set W, - Z( W,) = uf= IRi, where Ri are the connected components, and 
set R: = Ri - Int N(C( W,)). Furthermore set ai = #(K n C,( W,)), let bi be the number of the 
boundary components of R: which intersect N(C) for some component C of X1( W,) with 
N(C) z Y x S’ or which intersect the stem a(C) of some component C of X1( W,) with 
N(C) z Y x T S’, and let ci be the number of the boundary components of R: which intersect 
N(C) - a(C) for some component C of EI(W,) with N(C) g Y x,S1. Note that 
#(aRi) = a; + bi + Ci, a = xi= 1 ai, 3b + c = xi= 1 bi and c = If= 1 Ci. We have X(Ri) = 
2 - gi - (ai + bi + ci) for some non-negative integer gi. Then we have 
X(Wf) = f: XtRi) 
i=l 
= 2s - i gi - i (ai + bi + cJ. 
i=l i=l 
On the other hand, it is known that (q/)* : x,(M) + zl( W,) is an epimorphism; hence, we 
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have b1 ( W,) I bl (M). Thus we have 
I - b,(M) I 1 - b,(Wf) 
I 1 - b,(Wf) + MW 
= X(Wf) 
(4.1) 
I 2s - {a + 2(b + c,} 
= 2#Sm(f) - #uf) - 2#Sl(f). 
This implies inequality (1). 
Next we construct a graph G, associated withf: The vertices of G, correspond to the 
components Ri of W, - Z( W,) and to the components of X( W,). Thus the number of the 
vertices of G, is equal to #S,(f) + #S,(f) + #S,(f). We connect, by an edge, a vertex 
corresponding to Ri with a vertex corresponding to a component C of E( W,) if 
Ri n N(C) # 8. If Ri n N(C) has two or more components, we connect them by n edges, 
where n = #(Ri n N(C)). Then it is easy to see that the graph Gs is connected. Thus we have 
1 2 1 - b,(G,) 
= x(GA 
= s + (U + b + C) - i (Ui + bi + Ci) 
i=l 
= s + i ,$ (bi + 2ci) - i (bi + ci) 
r-l i=l 
= s - Jj ,$ (2bi + ci). (4.2) 
1-l 
By (4.1), we have 
1 - b,(M) I 2s - i gi - f: (Ui + bi + ci) 
i= 1 i=l 
I 2~ - f: (ai + bi + ci) 
i=l 
I 2 + i ,$’ (2bi + ci) - f: (ai + bi + ci) 
1-l i=l 
(by (4.2)) 
s 
=2- 1 
1 1 
ai--bi+-ci 
i=l 3 3 > 
= 2 - #S,(f) + b 
s 2 - #W_f) + c%(f) 
which implies the inequality (2). 
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On the other hand, by (4.2) we have 
1 2 S - f ,$ (2bi + Ci) 
1-l 
= s - (2b + c) 
2 s - 2(b + c) 
= #S,(f) - 2#S1(f) 
which implies the inequality (3). This completes the proof. 0 
Remark 4.5. By the above proof, we can determine the conditions for the equalities in 
Proposition 4.4. In (l), the equality holds if and only if bZ(Wf) = 0, b,(M) = b,(B$), b = 0 
and that every Ri is orientable of genus 0. For example, for the simple stable map f of 
Remark 3.7, the equality holds (#Se(f) = 2, #S,(f) = 2, #S,(f) = 3, b,(M) = b,(Wf) = 1). 
In (2), the equality holds if and only if b,(G,) = 0, b,( W,) = 0, bl (M) = bl (W,), c = 0, and 
that every Ri is orientable of genus 0. In (3) the equality holds if and only if bl (Gr) = 0 and 
c = 0. In particular if the equality holds for (2), then (3) becomes the equality. The stable 
mapf, with m even of Example 2.2 is an example for the equalities in (2) and (3) (#S,(f) = 2, 
#S,(f) = 1, #S,(f) = 3, b,(M) = b,(W,) = 0). As an immediate corollary of this observa- 
tion, we have the following. 
COROLLARY 4.6. Let f: M + N be a simple stable map of a closed orientable 3-manifold 
into a surface for which the equalities hold in Proposition 4.4(l) and (2). Then f is a special 
generic map; i.e., S(f) consists only of definite fold points. 
Remark 4.7. Note that, for a not necessarily simple stable map f: M + N without cusp 
points, the inequality of Proposition 4.4(2) does not hold in general. See Theorem 5.4 of [3]. 
Next we deduce some restrictions on the graph links which arise as the singular sets of 
simple stable maps. For this purpose, we define some invariants for graph links as follows. 
Let M be a graph manifold. Then M is the union of S’-bundles over surfaces attached along 
their torus boundaries. We denote by 23(M) the minimal number of S’-bundle pieces 
necessary to build M. Similarly, M is the union of Seifert fibered spaces attached along their 
torus boundaries. We denote by 6(M) the minimal number of Seifert fibered pieces 
necessary to build M. Note that we always have 6(M) I 23(M). For a graph link L in M, 
we define 23(L) = ‘B(E(L)) and 6(L) = 6(,?(L)), where E(L) = M - Int N(L) is the exterior 
of L, which is a graph manifold by the definition. 
PROPOSITION 4.8. Let f: M + N be a simple stable map of a closed orientable 3-manifold 
into a surface. Then we have the following: 
(1) WS(f )) 5 WS(f )) 5 3@(f) + 1. 
(2) #S(f) 2 maxW(M) - U/4, (G(M) - U/31. 
Proof By the proof of Lemma 2.4, E(S(f)) is built up of #S,(f) + #S,(j) S’-bundle 
pieces. Hence we have 
S(S(f)) 5 #S,(f) + #S,(f) 5 3#Sl(f) + 1 
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by Proposition 4.4(3). Thus we have 
WS(f)) 5 WS(f)) 5 3#S,(f) + 1 I 3@(f) + 1. 
Similarly, M is built up of (#S,(f) + #S,(f)) + #S(f) S’-bundle pieces. Hence we have 
B(M) I3#S,(f) + 1 + #S(f) I 4&S(f) + 1. 
Furthermore, M is built up of #S,(f) + #S,(f) + #S,(f) Seifert fibered pieces. Hence we 
have 
Wf) s #S,(f) + #S,(f) + #So(f) 
5 1 + 3#S,(f) + #S,(f) (by Proposition 4.4(3)) 
I 1 + 3&S(f). 
This completes the proof. ci 
The part (2) of the above proposition shows that maps become complex as the source 
manifold becomes complex. Furthermore, the above proposition shows that not every 
graph link can arise as the singular set of a simple stable map as follows. 
PROPOSITION 4.9. Let M be a closed orientable graph manifold and n a positive integer. 
Then there exist infinitely many n-component graph links in M which cannot arise as the 
singular set of a simple stable map into a surface. 
LEMMA 4.10. Let M be a closed orientable graph manijold. Then there exists a graph knot 
K in M whose exterior E(K) = M - Int N(K) is irreducible and boundary-irreducible. 
Proof (sketch). If M is a prime 3-manifold, then M is a Seifert fibered space or M is 
a Haken 3-manifold such that every piece in its torus decomposition in the sense of 
Jaco-Shalen-Johannson is Seifert fibered (see Proposition 2.3). Then it is not difficult to see 
that a fiber of an appropriate Seifert fibration of a Seifert piece is a desired graph knot. If 
M is not prime, construct a graph knot Ki for each prime factor Mi of M as above (recall 
that each prime factor of a graph manifold is also a graph manifold). Let K ( c M) be the 
connected sum of the knots Ki ( c Mt). Then it is not difficult to see that K is a desired graph 
knot. 0 
Proof of Proposition 4.9. By Proposition 4.8, it suffices to show that, for an arbitrarily 
large number N, there exists an n-component graph link L in M such that G(L) 2 N. 
First, we construct an n-component graph link L1 in Dz x S’ such that G(L,) 2 N. By 
attaching some appropriate cable spaces [5, p.1881, we can easily construct a graph knot 
K1 in D2 x S’ such that G(K,) 2 N. (This is proved using the torus decomposition theory of 
Jaco-Shalen-Johannson.) Let L’i be an n-component link in D2 x S’ which consists of 
n regular fibers of some Seifert fibration of D2 x S’ without singular fibers. Replacing 
(N(K,), K,) by (D2 x S1, L;), we obtain an n-component graph link L1 in D2 x S’ with 
G(L,) 2 N. 
Finally let K be the graph knot in M as in Lemma 4.10. Replacing (N(K), K) 
by (D2 x S’, L,), we obtain a desired n-component graph link L in M, since 
G(L) 2 G(K) + G(L,) - 1 2 G(L,) 2 N. 0 
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Combining Proposition 4.9 with a result of filiagberg [3], we also have the following. 
COROLLARY 4.11. Let M be a closed orientable graph manifold and n an integer greater 
than or equal to 2. Then there exist infinitely many n-component graph links L in M with the 
following properties: 
(1) L cannot arise as the singular set of a simple stable map into a surface. 
(2) For each L, there exists a stable map f: M + Iw2 without cusp points such that 
L = S(f). 
Proof In the proof of Proposition 4.9, we can choose the graph link L; in D2 x S’ so 
that L; bounds an orientable surface in D2 x St. (When n is odd, the graph link L; consists 
of (n - 1) regular fibers and a component parallel to the meridian of D2 x S’.) Then the link 
L also bounds an orientable surface in M, which is parallelizable. Then by [3], L is realized 
as the singular set of a stable map f: M + [w2 without cusp points. 0 
We end this section by posing some problems. 
f: 
Problem 4.12. Characterize those links which arise as the singular set of a stable map 
M + [w2 under the assumptions: 
(1) f can have cusp points or 
(2) f has no cusp points or 
(3) f is simple or 
(4) f 1 S(f) is a smooth embedding. 
Note that those links which arise as the singular set of a special generic map are 
determined implicitly in [l]. 
Remark 4.13. When H,(M) = 0, Problem 4.12(2) has already been solved. In this case, 
a link L in M with two or more components always arises as the singular set of a stable map 
f: M + lR2 without cusp points [3, Corollary 5.71. Furthermore, a one-component link L in 
M is the singular set of a stable map f: M + [w2 without cusp points if and only if M is 
diffeomorphic to S3 and L is the trivial knot in S3 [l]. 
In general, however, not every link L with #L 2 2 can arise as the singular set of a stable 
map f : M + [w2 without cusp points. In fact, for such a stable mapf, the Poincare dual of the 
homology class [S( f )I2 E H1(M; Zj2Z) agrees with the second Stiefel-Whitney class w,(M) 
of M, which vanishes [19]. 
5. EQUIVALENCE BETWEEN SIMPLE STABLE MAPS 
In [l], Burlet and de Rham have defined an equivalence relation between two special 
generic maps. Namely, two special generic maps are equivalent if their quotient maps in 
their Stein factorizations are right-left equivalent. In this section, we generalize this defini- 
tion to simple stable maps and determine when two simple stable maps are equivalent. 
Definition 5.1. Let f: M + N and g : M’ + N’ be simple stable maps of closed orientable 
3-manifolds into surfaces. A homeomorphism cp: W,+ W, is admissible if, for all x E W,, 
there exists an open neighborhood lJ of x in W, such that 
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(1) ifxe W,- Z(W,), then U c W, - X(Wf),flU andglV(V= cp(U))arehomeomor- 
phisms onto open subsets of N and N’ respectively, and the composition 
is a diffeomorphism, 
(2) if x E I&( W,), then U c W, - X1( W,), fl U and Sl V are homeomorphisms onto 
subsets in N and N’, respectively, diffeomorphic to R’, = {(x1, x2) E lR2; x2 2 0}, and the 
composition 
is a diffeomorphism, 
(3) if x E C,( W,), then U c N(C),fl Ui and Jl Vi (Vi = q(Ui)) are homeomorphisms onto 
open subsets in N and N’, respectively, and the composition 
f(Ui) -%Ji & Vi +( Vi) 
is a diffeomorphism (i = 1,2), where C is the component of X1( W,) containing x, 
Ui = (U n a(C)) u U:, and U - a(C) has exactly two connected components V; and U; (see 
Fig. 14). 
Example 5.2 Letf, : S3 + R2 (m E Z) be the simple stable map of Example 2.2. Further- 
more, for m even, let fi : S3 + R2 be the simple stable map constructed in the same way as 
fm using the Morse function 0: D2 + Iw as in Fig. 15 instead of r (see Fig. 2). Then it is easy to 
see that the quotient spaces Wfm and Wf, are homeomorphic. However, there is no 
admissible homeomorphism between them, since every homeomorphism cannot satisfy the 
condition (3) of Definition 5.1. 
Remark 5.3. Let f: M + N and g : M’ + N’ be simple stable maps of closed orientable 
3-manifolds into oriented surfaces. Then every admissible homeomorphism cp: W, + W, is 
orientation preserving or orientation reversing; i.e., the maps S 0 cp of- l in Definition 5.1 are 
all orientation preserving or all orientation reversing, respectively. 
Definition 5.4. Two simple stable maps f: M + N and g : M’ + N’ of closed orientable 
3-manifolds into surfaces are said to be quasi-equivalent if there exist a diffeomorphism 
@ : M + M’ and an admissible homeomorphism cp : W, -+ W, such that qf = cp- ’ 0 qs 0 Cp. 
Fig. 14. 
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Note that iffand g are right-left equivalent, then they are quasi-equivalent. Conversely, 
iffand g are quasi-equivalent, thenf = S’ 0 qe 0 a’, where Q : M --) M’ is a diffeomorphism and 
0’: W, + N is a map which is admissible in a sense similar to Definition 5.1. 
Definition 5.5. Let f : M + N be a simple stable map of a closed orientable 3-manifold 
into a surface. Set Wr - I%( W,) = uj= IRi, where Ri are the connected components. If Ri is 
homeomorphic to an open 2-disk Int D’, take two points Xi and yi in Ri. If Ri is not 
homeomorphic to Int D2, take a point Xi in Ri. Define 
which we call thefiamed regularjbers off: When M and N are oriented, we orient gm( f) in 
the same way as in the case of S,(f). Note that the isotopy type of the link S(f) u S”m(f) 
does not depend on the choice of xi and yi. We set L(f) = S(f) u s”,(f) and call it the link 
associated with f. 
Definition 5.6. Let f: M + N and g : M + N’ be simple stable maps of closed orientable 
3-manifolds into orientable surfaces. We say that their associated links L(f) and L(g) are 
equivalent if, after giving arbitrary orientations to M, M’, N and N’, we have a diffeomor- 
phism V:M -+ M’ such that Y&(f)) = S,(g), Y@,(f)) = S,(g), Y(sa,(f)) = sa,(g) and 
that Y preserves the orientations of the components of $a( f) and f,(g) simultaneously or 
reverses the orientations imultaneously. Note that this does not depend on the orientations 
given to M, M’, N and N’. 
THEOREM 5.7. Let f: M + N be a simple stable map of a closed orientable 3-manifold into 
an orientable surface. Then the quasi-equivalence class off determines and is determined by the 
equivalence class of the associated link L( f ). 
Remark 5.8. As in Lemma 2.4, it is easily seen that the link L(f) associated with 
a simple stable map f: M + N is a graph link. Furthermore, graph links are completely 
classified by their diagrams (or graphs) (see [2, 131). Thus, in principle, we can determine 
whether two given simple stable maps are quasi-equivalent or not. 
Now we proceed to the proof of Theorem 5.7. If qs: M --, W, is an S’-bundle over the 
2-sphere S2, then the above theorem can be proved easily. Thus, in the following, we assume 
that q/ is not an S-bundle over S2. 
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We say that a link L in a compact 3-manifold M is irreducible if its exterior 
E(L) = M - Int N(L) is an irreducible 3-manifold; i.e., if every 2-sphere mbedded in E(L) 
bounds a 3-disk. 
LEMMA 5.9. Let f: M + N be a simple stable map of a closed orientable 3-manifold into 
a surface. Then the link L(f) associated with f is irreducible. 
Proof: By the same argument as in the proof of Lemma 2.4, we see that, by embedded 
tori, E(L( f )) can be decomposed into P-bundles over surfaces none of which is diffeomor- 
phic to S’ x D2. In other words, E(L( f)) is a union of non-trivial Seifert fibered spaces 
attached along their torus boundaries, and hence it is irreducible [12,22]. 0 
Remark 5.10. A similar argument shows that S(f) u S,(f) is also irreducible. How- 
ever, the singular set S(f) is not irreducible in general. For example, consider f0 of Example 
2.2. 
LEMMA 5.11. Let f: M + N be a simple stable map of a closed orientable 3-manifold into 
a surface. Then E(L( f )) is boundary-irreducible. 
Proof: If a component of the boundary is not incompressible, E(L( f )) is diffeomorphic 
to S’ x D2, since E(L(f)) is irreducible by Lemma 5.9. This is a contradiction. q 
Proof of Theorem 5.7. It is easy to see that the quasi-equivalence lass off determines the 
equivalence class of the associated link (cf. Remark 5.3). Let g : M’ + N’ be another simple 
stable map of a closed orientable 3-manifold into an orientable surface. We orient M, M’, N 
and N’ arbitrarily. We assume the existence of a diffeomorphism Y : M -+ M’ as in Defini- 
tion 5.6 and show that f and g are quasi-equivalent. 
Changing the orientation of M’ if necessary, we may assume that Y is orientation 
preserving. Furthermore, since every graph link is invertible, there exists an orientation 
preserving diffeomorphism Y’ : M + M’ which maps every component of L(f) to itself 
reversing the orientation. Thus replacing Y by Y’o Y if necessary, we may assume that 
Y maps every component of f,(f) onto a component of sa, (g) preserving the orientation. 
Set Wf - X( Wf) = UiRi, W, - IZ( W,) = HiQi, R: = Ri - Int N(Z( Wf)), and Qi = Qi - 
Int N(C( W,)), where Ri and Qi are the components. Furthermore, set Z( W,) = UjCj and 
X( W,) = UjDj, where Cj and Dj are the components. By Lemmas 5.9 and 5.11, the 
3-manifolds E(L( f)) and E(L(g)) are irreducible and boundary-irreducible. Furthermore, 
the embedded tori qS’(8N(Cl(WJ))) ( c E(L(f))) and q;‘(dN(&(W,))) ( c E(L(g))) satisfy 
the conditions in the splitting theorem of Jaco-Shalen [6, p.1573, where 
aN(.) = N(e) - Int N(e). Hence, by the uniqueness of such a splitting, we may assume that 
Y(qj ‘(R:)) = q; ‘(Q;) and Y(qj ’ (N(Cj))) = q; ’ (N(DJ) for all i and j after changing Y by 
an isotopy and renumbering the indices if necessary. (This is guaranteed by the assumption 
Y(&(f)) = So(g), Y(S,(f)) = S,(g) and Y(fm(f)) = g,(g).) By the uniqueness of the 
Seifert fibration (see [S, 223) and the definition of the orientations for ga( f) and g,(g), 
changing Y by an isotopy, we can find an orientation preserving diffeomorphism 
Cpi : R: + Q: which makes the following diagram commutative: 
(5.1) 
R: ‘pi •, Q: 
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We will extend the diffeomorphisms (Pi to a desired admissible homeomorphism 
cp : W, --t W,. Take a component Cj of Z( W,). 
Case 1. Cj c X0( W,). In this case, Dj is also a component of &(Wg). Since 
4~14j'(N(cj)):4j'(N(Cj))~N(Cj) and qsIqgl(N(Dj)): qe’(N(Dj)) + N(Dj) are right-left 
equivalent o the map 1 x id : 0’ x S’ + I x S’ (0’ c Iw’, I(x, y) = x2 + y2) and Y maps the 
fibers of qf in aqi’(N(Cj)) to those of qs in 84; ’ (N(Dj)) preserving the orientations, it is 
obvious that we have orientation preserving diffeomorphisms Yj : qS 1 (N(Cj)) + qS 1 (N(Dj)) 
and $/j:N(Cj) + N(Dj) compatible with UiCpi such that Yjl8q;‘(N(Cj)) = Y(Q;‘(N(Cj)) 
and qe 0 Yj = Ii/j 0 qf on 47 i (N (Cj)). 
Case 2. Cj c X1 ( W,) and q; ’ (N(Cj)) is diffeomorphic to P x S’. In this case, 4; ’ (N(Dj)) 
is also diffeomorphic to P x S’, since Y preserves the natural torus decomposition. By the 
commutative diagram (5.1), we have a diffeomorphism {j: aN(Cj) -+ dN(Dj) which satisfies 
the commutative diagram 
aq; ‘(N(Cj)) - aq, 1 (N(Dj)) 
aN(ci) 6, - dN(Dj) 
Since Y maps ga(f) onto s”,(g) preserving the orientations, we see that Y I aqi 1 (N(Cj)) 
preserves the orientations of the fibers of qf and qs. Set aN(Cj) = CjoLICj,LlCj2 and 
aN(Dj) = Djou Dj, u Dj2, where Cj, and Dj, are the connected components, 
Cj, = aN(C,) n c(Cj) and Dj, = aN(Dj) n a(Dj). Let Ajk (resp. A;& be the oriented fiber of 
qf (resp. qe) over a point in Cj, (resp. Djk). By our orientation convention, we have 
[Jjo] = Cljll + C~_il in Hl(qj ‘W(C#) and [Ai,J = [Ail] + [A>21 in Hi(q, ’ (N(Dj))). 
Therefore, we see that ij(Cjo) = Djo and that there exists an orientation preserving ad- 
missible homeomorphism l(lj : N(Cj) + N(Dj) such that IJ~~\~N(C~) = rj. Then it is not diffi- 
cult to construct a diffeomorphism Yj: qji(N(Cj)) + &i(N(Dj)) such that 
Yj(aqj’(N(Cj)) = Yjaq;‘(N(CJ) and qeoYj = +j 0 (qf I qj ’ (N(Cj))) (see, for example, 
Proposition 4 of [lo, p.121). 
Case 3. Cj c ZZl(Wf) and qjl(N(CJ) is diffeomorphic to P x,S’. By an argument 
similar to Case 2, we can construct a diffeomorphism Yj : qJ 1 (N(Cj)) + qi 1 (N(Dj)) and an 
orientation preserving admissible homeomorphism $j: N(Cj) + N(Dj) compatible with 
JJiqi such that Yjlaq;‘(N(Cj)) = YlaqF’(N(Cj)) and qeoYj = ll/j”(qflqj’(N(Cj)))* 
Let Q: M + M’ be the orientation preserving diffeomorphism defined by 
@lqjl(R{) = Ylqi’(Ri) and @lqj’(N(CJ) = Yj. Furthermore let q: WI + W, be the ori- 
entation preserving admissible homeomorphism defined by cpl R: = Cpi and (plN(Cj) = ll/j. 
Then we see that qe 0 Q = cp 0 qf and hence that f and g are quasi-equivalent. 0 
Remark 5.12. In the proof of Theorem 5.7, we could choose, as 0, a diffeomorphism 
isotopic to Y, modifying *j if necessary. 
Remark 5.13. (1) If we use the singular set S(f) instead of the associated link 
L(f) = S(f) u s”,(j), Theorem 5.7 does not hold in general. For example, considerfO and 
& : S3 + lR2 in Examples 2.2 and 5.2, respectively. Since S(fO) and S(_&) are the 3-component 
trivial links in S3, we have a diffeomorphism Y: S3 + S3 with Y(S,(f,)) = S,-,(&) and 
Y(S,(f.,)) = S,(&). However& andfO are not quasi-equivalent, since there is no admissible 
homeomorphism between W,, and Wf, (Example 5.2). 
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(2) If we forget the orientations of the S,-components, Theorem 5.7 does not hold in 
general. Consider, for example, fm and f’m :S3 + R2 with m even of Examples 2.2 and 5.2, 
respectively. 
(3) In some special cases, Theorem 5.7 holds for the link S(f) u S,(f) instead of the 
associatedlinkL(f) = S(f)u$,(f). F or example, this is the case if H2( II+) = 0. However, 
this is not true in general. We give an example as follows. Set Xi = 
P x S’ Us, D2 x S’ iJ4, D2 x S’ IJ,, D2 x S’, where a, b and c are the three components of 8P 
and &:aD2xS1+axS1, $2:aD2xS’+bxS’ and &:aD2xS1+cxS1 are the dif- 
feomorphisms defined as follows: 
4i(e,r)=(r,e), 42(e,r)=(-2e+r,8), 44e,r)=(e+r, 4). 
Here we identify a, b, c, dD2 and S’ with R/Z. Note that a, b and c are oriented as in Fig; 5. 
Define fi IP x S’ to be the composition 
pxs’ 3 [wxs1a2 
where t : P + R is the Morse function as in Fig. 5 and q is an embedding which maps 
(0) x S’ to the equator of S2. Furthermore define fi I D2 x S’ u D2 x S’ u D2 x S’ to be the 
composition 
where pl : D2 x S’ + D2 is the projection to the first factor, and [ is an immersion which is 
compatible with q in an appropriate sense. Then we see that fi : X1 --* S2 is a well-defined 
simple stable map. Note that X, is diffeomorphic to the real projective space RP3. 
Next set X2 = P x S’ Ugi D2 x S’ iJ+i D2 x S’ Us; D2 x S’, where & : dD2 x S’ + a x S’, 
&:aD2xS’+bxS1 and &:aD’xS’ + c x S’ are the diffeomorphisms defined as fol- 
lows: 
4;(e, r) = (7, 8 - r) 
4;(e, 7) = ( - 28 - 2, e + 7) 
dj(e, 0) = (e - z, - 8 + 29. 
Note that X2 is diffeomorphic to Xl r RP3. There exists an orientation preserving 
diffeomorphism cp :P x S’ + P x S’ which preserves every fiber { *} x S’ orientation preserv- 
ingly such that rp(a x S’) = a x S’, cp(b x S’) = b x S’, cp(c x S’) = c x S’ and that 
(via x s1)(7, e) = (t, - t + e) 
(pIbxsl)(7,8)=(2, -~+e) 
(plc x sl)(T, e) = (T, - 22 + e). 
For example, consider the composition of the “Dehn twists” along CI x S’ and /I x S’, where 
tx and /I are properly embedded arcs in P as in Fig. 5. Furthermore, let t’: P + R be the 
Morse function as in Fig. 16. Define f2 IP x S’ to be the composition 
PxS’-IPxS’f’xid~XS~~S~. rp 
1 
Then we can extend f2 1 P x S’ to a simple stable map f2 : X2 + S2 by the same way as in the 
case off,. Surgery descriptions of (Xi, Sl(fl) u S,(fl)) and (X2, Sl(f2) u Sco(f2)) are given 
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in Fig. 17. This means that, if we perform the co -, 2- and (- l)-Dehn surgeries along the 
corresponding knots in S3, we obtain Xi z X2 together with the Si- and S,-components 
(for Dehn surgeries, see [15], for example). (In Fig. 17, the component marked with a (resp. 
b or c) corresponds to D2 x S’ attached to a x S’ (resp. b x S’ or c x S’) c P x S’.) By the 
surgery descriptions, it is not difficult to see that there exists an orientation preserving 
diffeomorphism Y :X1 +X2 which maps S,(fi) onto Sl(f2), and S,(fi) onto S,(f2) 
preserving the orientations. We show thatf, andf2 are not quasi-equivalent. Suppose that 
they are quasi-equivalent. Then by the constructions of t and t’, we see that there exists 
a diffeomorphism Y’: Xi +X2 such that Y’(K,) = K2, where K1 is the component of 
S,(fr) corresponding to c x { *} c P x S’ c X1 and K2 is the component of S,(f2) corres- 
ponding to b x {*} c P x S’ c X2. On the other hand, [Kl] = 0 in H,(X,), while [K2] # 0 
in H,(X,). This is a contradiction. Hence, fi and f2 are not quasi-equivalent, although 
S(fl) u S, (fi) and S(f2) u S, (f2) are equivalent as links. 
Remark 5.14. If we fix a source manifold M, then there are only finitely many quasi- 
equivalence classes of special generic maps M + R2 [l]. However, for a closed orientable 
graph manifold M, there are always infinitely many quasi-equivalence classes of simple 
stable maps M -+ R2. This is because we can increase the number of the components of the 
singular set arbitrarily by Lemma 4.2. 
6. PROPOSAL OF A KNOT THEORY VIA STABLE MAPS 
Let L be a link in S3. We may assume that L does not pass through co 
E S3 = Iw3 u {co}. Let 
p:S3 - {,}-?-*[wQ+[w~ 
be the usual projection, where q is the canonical diffeomorphism and p1 is the projection 
defined by pl(x, y, z) = (x, y). We may assume that pJ L : L + R2 is an immersion with 
normal crossings, moving L slightly by an isotopy. The usual knot theory studies L via the 
projection p. For example, many invariants can be derived from the projection. In this 
section, we show that we can probably use stable maps f: M + lR2 to study links in an 
arbitrary 3-manifold M. 
It is known that, for a link L in S3, if pj L is an embedding, then L is the trivial link. 
DeJinition 6.1. Let f: M + N be a stable map of a closed orientable 3-manifold into 
a surface. A link L in M is said to be f-trioial if fl L is a smooth embedding and that 
f(L) nf(S(f)) = 8, after we move L by an isotopy if necessary. 
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Fig. 
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Example 6.2. (1) Let f: S3 + R2 be the special generic map defined byf = 7cIS3, where 
rr: lR4 + R2 is the standard projection and S3 is the unit 3-sphere in R4. Then a knot (a 
l-component link) K in S3 isf-trivial if and only if it is trivial in the usual sense. For links of 
two or more components, there exist non-trivial links which aref-trivial. For example see 
Fig. 18. 
(2) Letf: S3 --t S2 be the (+ l)-Hopf fibration. Then a knot K in S3 isf-trivial if and only 
if K is the right hand (k, k + 1)-torus knot for some integer k. 
PROPOSITION 6.3. Let L be a link in a closed orientable 3-manifold M. Then L is f-trivialfor 
some stable map f: M + R2. 
Proof: Let N(L) be the tubular neighborhood of L in M. Construct an S-map 
g : N(L) + R2 such that L = S(g), that g has only definite fold singularities along L, that g (L 
is a smooth embedding, that g(Li) and g(aNi) are concentric circles, that g(N<) is contained 
in the 2-disk in 64’ bounded by g(Li)y and that g(aNi) = g(aNj) for all i and j, where Li are 
the components of L and Ni is the component of N(L) containing Lfi Then construct 
a stable mapf: M + R2 as in the proof of Lemma 2.7. In this construction, we may assume 
that f(M - Int N(L)) is contained in the interior of the 2-disk bounded by g(Li) which is 
innermost among the components of g(L). Let L’ be a link in N(L) ( c M) parallel to 
S(f)n N(L) such that flL’ is a smooth embedding. We may also assume that 
f(Z) n S(f) = 8. Then it is easy to see that L’ is isotopic to L and that L’ is f-trivial. 0 
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PROPOSITION 6.4. Let L be a link in a closed orientable 3-manifold M. Then the following 
three are equivalent: 
(1) L is f-trivial for some stable map f: M + [w* with f IS( f) a smooth embedding. 
(2) L is f-trivial for some simple stable map f: M -+ N into a surface N. 
(3) L is a graph link. 
Proot It is obvious that (1) implies (2). Suppose that L isf-trivial for some simple stable 
map f: M + N. Since f 1 L is a smooth embedding and f(L) nf (S(f)) = 8, we have 
qf(L)c W,--X(W,) and qflL:L + W, - E( W,) is an embedding. Decompose M into 
S’-bundle pieces as in the proof of Lemma 2.4. Furthermore decompose Hi= 1 qJ ‘(It:) using 
4; ’ Wh.#)), w h ere R{ is as in the proof of Lemma 2.4. It is easy to see that each 
component of q;‘(N(qf(L))) - Int N(L) is diffeomorphic to P x S’, which is an P-bundle 
over a surface. Thus M - Int N(L) is a graph manifold. Hence (2) implies (3). 
Now suppose that L is a graph link. We can construct a stable map f : M + [w* such that 
f 1 S(f) is a smooth embedding and that L c S,(f) by Theorem 4.1. Changing f on N(L), we 
may assume that f (LJ and f (8Nj) are concentric circles, that f (NI) is contained in the 2-disk 
in R* bounded by f (Li), that f (8Nj) = f (aNi) for all i and j, and that f (M - ui Int Ni) is 
contained in the 2-disk bounded by f(aN:), where Li are the components of L and N: is 
a small tubular neighborhood of Li contained in N(L). For this, change f: W, + 68’ on 
qr(N(L)), for example. Let L’ be a link in N(L) ( c M) parallel to L such that f IL’ is 
a smooth embedding. We may also assume that f (L’) nf (S( f )) = 0. Thus L’ is a f-trivial 
link which is isotopic to L. This completes the proof. 0 
We end this section by posing a problem. 
Problem 6.5. Let f: M + N be a stable map of a closed orientable 3-manifold into 
a surface. Let L be a link in M such that a = f 1 L : l_l S l+ N is an immersion with normal 
crossings. In this situation classify all the links L’ in M such that f IL’ = a. 
Note that in the usual case where we use the standard projection p : S3 - (co} + R*, the 
number of such links is finite. Example 6.2(2) shows, however, that such number is not 
always finite in general. 
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NOTE ADDED IN PROOF. 
After the completion of the manuscript, many important results related to the present 
paper have been obtained until now. The definition of a simple stable map (Definition 2.1) 
has been generalized for the case where the target is a 2-dimensional stratified space and the 
map locally behaves like the quotient map qe: M + W, of a simple stable map g of 
a 3-manifold M. This generalized class of maps is defined in “Simple stable maps of 
3-manifolds into surfaces II” (0. SAEKI: J. Fat. Sci. Univ. Tokyo 40 (1993), 73-124) and they 
are called&U maps. Then Theorems 3.1 and 5.7 of the present paper are easily generalized 
for fold maps (see $2 of [ibid.]). Furthe~ore, it is shown in [ibid., Appendix] that in the 
definition of the quasi-equivalence (Definition 5.4), the admissible property of the homeo- 
morphism between the quotient spaces is not necessary. Inequalities in Proposition 4.4 for 
simple stable maps have been generalized for (possibly non-simple) stable maps in “Stable 
maps of 3-manifolds into the plane and their quotient spaces” (W. MOTTA, P. PORTO and 0. 
SAEKI: Proc. Land. Math. Sot. 71(1995), 158-174). Moreover, complete answers to Problem 
4.12 (1) and (2) are obtained in “Constructing generic smooth maps of a manifold into 
a surface with prescribed singular loci” (0. SAEKI: to appear in Annales de l’lnstitut Fourier). 
A continuation of the study of knots via stable maps proposed in $6 has been done in 
“Stable maps and links in 3-manifolds” (0. SAEKI: Kodai Math. J. 17 (1994), 518-529) and 
some new results have been obtained. 
